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Hyperbolic localization and Lefschetz fixed point 
formulas for higher-dimensional fixed point sets* 

Yuichi IKEt Yutaka MATSUfi Kiyoshi TAKEUCHfi 


Abstract 

We study Lefschetz fixed point formulas for constructible sheaves with higher¬ 
dimensional fixed point sets. Under fairly weak assumptions, we prove that the local 
contributions from them are expressed by some constructible functions associated 
to hyperbolic localizations. This gives an affirmative answer to a conjecture of 
Goresky-MacPherson [8] in particular for smooth hxed point components (see [HI 
page 9, (1.12) Open problems]). In the course of the proof, the new Lagrangian 
cycles introduced in our previous paper |21] will be effectively used. Moreover we 
show various examples for which local contributions can be explicitly determined 
by our method. 


1 Introduction 

Lefschetz fixed point formulas are important in many branches of mathematics such as 
topology, algebraic geometry, number theory, dynamical systems and representation the¬ 
ory. Despite a lot of activities on this subject, the case where the hxed point set is 
higher-dimensional still remains quite mysterious. In this paper we study Lefschetz hxed 
point formulas for morphisms (j): X —)■ X of real analytic manifolds X whose hxed point 
set M = {x G X I 0(x) = x} C X is higher-dimensional (since we mainly consider the 
case where the hxed point set is a smooth submanifold of X, we use the symbol M to 
express it). It is well-known that when X is compact the global Lefschetz number of 0 

tr((/.) := 5^(-l)MiLAX; Cx) A W{X- Cx)} G C (1.1) 

iez 

is expressed as the integral of a local cohomology class C(0) G H^{X; orx) supported by 
M, where we set dimX = n and orx is the orientation sheaf of X (see Dold etc.). 
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Let M = Ujgj Mi be the decomposition of M into connected components and 

orx) = 0 orx), (1.2) 

iei 

W) = ©C(.«„. (1.3) 

i&I 

the associated direct sum decompositions. We call the integral c{(j))Mi G C of the local 
cohomology class C{(l))Mi G orx) for a hxed point component Mi the local contri¬ 

bution from Mi. Then the global Lefschetz number of 0 is equal to the sum of the local 
contributions from Mj’s: 

tr(0) = 5 ^c(0)m,. (1.4) 

i&I 

But if the hxed point component Mj is higher-dimensional, it is in general very difficult 
to compute the local contribution by the following dimensional reason. Let Mj be a hxed 
point component of 0 whose codimension d in X satishes the condition 0 < d < n. Then 
the local cohomology group orx) is isomorphic to the 0-dimensional Borel-Moore 

homology group of Mi by the Alexander duality, and the class C{(j))Mi in it 

cannot be calculated locally at each point of Mi. On the other hand, top-dimensional 
Borel-Moore homology cycles in Mi, i.e. elements in H^^^{Mi-, C) can be much more 
easily handled since they are realized as sections of a relative orientation sheaf on Mj. 

In this paper, we overcome this difficulty partially by using our new Lagrangian cycles 
introduced in m Since we also want to study Lefschetz hxed point formulas over sin¬ 
gular varieties (and those for intersection cohomology groups), from now we consider the 
following very general setting. Let X, 0 and M = Mj be as before, and F a bounded 
complex of sheaves of Cx-modules whose cohomology sheaves are M-constructible in the 
sense of [m. Assume that we are given a morphism <h: 0 —)■ F in the derived cat¬ 
egory D^_^(X). If the support supp(F) of F is compact, we can dehne the global trace 
(Lefschetz number) tr(F, <h) G C of the pair (F, $) by 

tr(F,<l.) := ^(-l)nr{ff^(Jf;F) ^ H’(X;F)} e C. (1.5) 

j& 

where the morphisms H\X]F) -5-)- H^{X;F) are induced by 

F F0*0-^F A R(P,F. (1.6) 

In this very general setting, Kashiwara [12] introduced local contributions c{F, ‘h)Mi G C 
from the hxed point components Mi and proved the equality 

tr(f,4) = 5^c(F,4)„.. (1.7) 

iei 

Therefore the remaining task for us is to calculate the local contributions c{F, <h)Mi G C 
explicitly. Let Mi be a hxed point component of 0 whose regular part (M^^eg C Mi 
satishes the condition supp(F) fl C (Mj)reg- For the sake of simplicity, we denote 
(Mj)i.eg simply by M. Then there exists a natural morphism 

4>':TmX-^TmX ( 1 . 8 ) 
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induced by 0, where TmX is the normal bundle of M in X. For each point x E M, we 
define a finite subset Ev(0^) of C by 

Ev(0^) := {the eigenvalues of 0^: {TmX)^ —)■ {TmX)^} C C. (1.9) 

Assume the condition: 

1 0 Ev(0(,) for any x E supp(F) Pi M, (1-10) 

which means that the graph F^ = {{(j){x),x) |xgX} cXxXof0 intersects cleanly (see 
m Dehnition 4.1.5]) the diagonal set Ax C X x X along M C F^n Ax on supp(F) flM. 
It naturally appears also in the classical study of Atiyah-Bott type Lefschetz theorems by 
Gilkey [3 Theorem 3.9.2], Lee [H] and Toledo-Tong [26]. Under the condition fll.lOp . in 
pi] we constructed a new Lagrangian cycle LC{F, ^)m in the cotangent bundle T*M. We 
call it the Lefschetz cycle associated with the pair {F, $) and the hxed point component M. 
Note that in the more general setting of elliptic pairs a similar construction of microlocal 
Lefschetz classes was previously given in Guillermou IE]. The difference from his is 
that we explicitly realized them as Lagrangian cycles in T*M. For recent results on 
this subject, see also [H], [T8| and [23] etc. Note also that if 0 = idx, M = X and 
<h = idi?, our Lefschetz cycle LC{F, ^)m coincides with the characteristic cycle CC{F) of 
F introduced by Kashiwara [TS]. By Lefschetz cycles, in [2T] we could generalize almost 
all nice properties of characteristic cycles. In particular, we have the following microlocal 
index theorem for the local contribution c{F, ^)m from M. 

Theorem 1.1 f | |2H. Theorem 4.8]) Assume that supp(F) H M is compact. Then for 
any continuous section a: M —)■ T*M ofT*M, we have 

c{F, 4>)m = tt([a] n LC{F, <I>)m), (Lll) 

where jl([(j] nLC'(F, <F)m) is the intersection number of the image of a and LC{F, <F)m in 
the cotangent bundle T*M. 

However in [2T] we could not describe LC{F,^)m explicitly in terms of (X, <h) and 
M since it was defined merely in an abstract manner by some morphisms in derived 
categories. Our answer to this problem is as follows. Let 

CC-. GF(M)c ^ F{T*M-.^m) (1.12) 

be the isomorphism between the C-vector space consisting of the C-valued (subanalyt- 
ically) constructible functions on M and that of closed conic subanalytic Lagrangian 
cycles on T*M with coefficients in C (see Proposition 12.lUD . Then in Section [5] we define 
a C-valued constructible function 9{F, ^)m G GF(M)c on M associated to the hyperbolic 
localization of the specialization um{F) of F in the sense of Braden [1], Braden-Proudfoot 
[2] and Goresky-MacPherson [9]. More precisely, for each point x E M hj taking an ex¬ 
panding subbundle (see Definition 15.3p S G Q\u of Q = TmX on its neighborhood U G M 
we set 

e(F,4)M(x) := 5^(-irtr{//'P„(Fy‘). '‘'A"’ WUm{F)c').}, (1-13) 

iez 

where z/m(X)^“^ G DR_^(f/) is the hyperbolic localization of vm{F) with respect to £ and 
($')^“^ : vm{F)'^^ —)■ vm{F)'^^ is its endomorphism induced by <F. Then we have the 
following result. 
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Theorem 1.2 We have the equality 


LC'(F,$)m = C'C'(0(F,$)m) (1.14) 

as Lagrangian cycles in T*M. In particular, if moreover s\ipp{F)r[M is compact we have 

c(F,$)m= [ e{F,<!>)M, (1.15) 

Jm 


where / : CF(M)c —> C is the morphism defined by topological (Euler) integrals (see 

Jm _ 

Definition \2.y\) . 


Note that when dimM = 0 this theorem coincides with Kashiwara’s one in [T6l Propo¬ 
sition 1.4.1] (see also Kashiwara-Schapira [T71 Proposition 9.6.12]). It gives also an affir¬ 
mative answer to a conjectnre of Goresky-MacPherson [8] in particnlar for smooth hxed 
point components (see also [HI page 9, (1.12) Open problems]). In the previons resnlts in 
[9], the anthors assumed a technical condition that there exists a special indicator map 
t : W —> M>o X M>o on a neighborhood IP of M in X (see P Dehnition (3.1)]). They 
call such an endomorphism 0 a weakly hyperbolic map. Moreover by taking £ to be the 
minimal expanding subbundle (see Dehnition 15.2p W d Q\u oi Q = TmX on U d M we 
can reduce the calculation of the local contribution c{F, $)m to that on a subset W C Q\u 
much smaller than the one in [9]. In contrast to loc. cit., at each point of M we can take the 
smallest possible £ containing only the generalized eigenspaces for the eigenvalues of in 
M>i. Compare our stalk formula of z/m(F’)^~^ in Proposition 15.131 with the theorem in [91 
page 6]. Thus Theorem 11.21 improves the results in [16], [T7] and [9] etc. In order to prove 
it even in the difficult case where the set Ev(0(,) varies depending on x G supp(F) fl M, 
we require some precise arguments on our Lefschetz cycles (see Remark I2.16|) . More 
precisely, we encode Kashiwara’s characteristic class C{F, ^)m G 

isfying C{F, ^)m = c{F, ^)m to the geometric cycle LC{F, ^)m in T*M and calculate 
the latter locally by applying our microlocal index theorem to hyperbolic localizations. 
Namely LC{F, ^)m enables us to patch local calculations to a global one. See Section |9] 
for the details. Finally in Section [9] we will show various examples for which the func¬ 
tion 9{F, <F)m and the local contribution c(F, ^)m G C can be explicitly calculated. In 
particular, we will give a very short proof to the following result proved hrst in w by 
using some deep results on the functorial properties of Lefschetz cycles (see m Sections 
5 and 6]). Let M = be the decomposition of M = (Mj)reg into its connected 

components. Denote the sign of the determinant of the linear map 

id-0':TM.X-^TM.X (1.16) 


simply by sgn(id - 0 ')m„ e {±1}. 

Theorem 1.3 f | |21l Corollary 6.5]) In addition to the condition fll.lOp . assume that 
the inclusion map iM : M "—> X is non-characteristic for F and supp(F) DM is compact. 
Then we have 


c{F, <|))m = ^ sgn(id - 0 ')mc« 

aeA 


A/q: 




(1.17) 
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where the C-valued constructible function ^ CF(Mq,)c on is defined by 

'AF\m.,<S‘\m.)(x) H>{F%} (1,18) 


for X G Ma ■ 

Thus Theorems 1 1.2 1 and 1 1.3 1 show that we can calculate the global trace of {F, <F) locally 
at each point of M without assuming any further technical condition such as 

Ev(0;) n R >1 = 0 for any x G M (1-19) 

on the map <p. Note that if there exists a point x E M such that Ev(0^) n M>i 7^ 0 the 
classical methods (see e.g. m Section 9.6]) for localizations do not work. Our main result 
in this paper, that is Theorem 11.21 is much more general than Theorem 11.31 since in the 
former we do not assume that iM'- M "— > X is non-characteristic for F. In particular, 
it immediately implies general Lefschetz hxed point formulas for singular subvarieties 
V C X of X such that 0(E) C E by applying it to the special case where F = Cy and <F 
is the natural morphism = C^-py) —> Cy- Note that a complete answer to this 

problem is known only for some special cases (for the case of normal complex algebraic 
surfaces, see Saito [21] )■ 

2 Preliminary notions and results 

In this paper, we essentially follow the terminology in [T3] and na. For example, for a 
topological space X, we denote by D^(X) the derived category of bounded complexes of 
sheaves of Cx-modules on X. From now on, we shall review basic notions and known 
results concerning Lefschetz hxed point formulas. Since we focus our attention on Lef¬ 
schetz hxed point formulas for constructible sheaves in this paper, we treat here only real 
analytic manifolds and morphisms. Now let X be a real analytic manifold. We denote by 
D^_c(X) the full subcategory of D^(X) consisting of bounded complexes of sheaves whose 
cohomology sheaves are M-constructible (see m Chapter VIII] for the precise dehnition). 
Let 0: X —)■ X be an endomorphism of the real analytic manifold X. Then our initial 
datum is a pair (F, <F) of F G Dg_^(X) and a morphism $: 0“^F —> F in Dg_^(X). If 
the support supp(F) of F is compact, H^{X] F) is a hnite-dimensional vector space over 
C for any j E'L and we can dehne the following important number from (F, $). 

Definition 2.1 We set 

tr(F,<l.) := ^(-l)'tr{ff7Jf;F) ^ H^X^F)} e C. (2.1) 

iez 

where the morphisms HfiX-,F) H^{X]F) are induced by 

F ^ F0*0-'F A F0*F. (2.2) 

We call tr(F, <F) the global trace of the pair (F, $). 
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Now let us set 


M := {x e X I 0(x) = x} C X. (2.3) 

This is the hxed point set oi (p: X —> X in X. Since we mainly consider the case where 
the fixed point set is a smooth submanifold of X, we use the symbol M to express it. 
If a compact group G is acting on X and 0 is the left action of an element of G, then 
the fixed point set is smooth by Palais’s theorem (see m for an excellent survey of 
this subject). Now let us consider the diagonal embedding 6x- X ^—> X x X of X and 
the closed embedding h := (0, idx): X "—> X x X associated with 0. Denote by Ax 
(resp. r^) the image of X by 5x (resp. h). Then M ~ Ax H T^ and we obtain a chain of 
morphisms 


RHomcx{.F) F) — 



4(xkdf) 

(2.4) 

^ DX)) Ax 

(2.5) 

^^supp(F)nAx(^*(0"^^ © DF))|ax 

(2.6) 

RFsupp{F)nXx{h*{F ® DF)) Ax 

(2.7) 

,R,^supp(ii’)nAx {J^*^X ) 1 Ax 

(2.8) 

FFs\ipp{F)r\M ixx )) 

(2.9) 


where ujx — orx [dimX] G D^_^(X) is the dualizing complex of X and 
DF = R'Hom£^{F,u}x) is the Verdier dual of F. Hence we get a morphism 


HomD6(x)(X,F) —^ (2.10) 


Definition 2.2 (|16j) We denote by G{F, d)) the image of idi? by the morphism fl2.10p 
in -hfsupp(ir)nM(^jcharacteristic class of (F, $). 


Theorem 2.3 (|16j) //supp(F) is compact, then the equality 


tr(F, $) = / ^(F, $) 

Jx 


( 2 , 11 ) 


holds. Here 


: H:{X-orx) 


C 


( 2 . 12 ) 


'X 


is the morphism induced by the integral of differential (dimX)-forms with compact support. 


Let M = Mi be the decomposition of M into connected components and 

Fsupp{F)nM (X;(nx) — © Fsupp{F)nMi {X;uJx), (2-13) 

iei 

C(F, f) = 0 C(F, <!.)„. (2.14) 

i&I 


the associated direct sum decomposition. 
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Definition 2.4 When supp(F) fl Mj is compact, we define a complex number c{F, $)Mi 
by 

c(F,$)m, := [ (2.15) 

Jx 

and call it the local contribution of {F, 4)) from Mj. 


By Theorem 12.31 if supp(F) is compact, the global trace of (F, $) is the sum of local 
contributions: 

tr(F, <h) = (2.16) 

iei 

Hence one of the most important problems in the theory of Lefschetz fixed point formulas 
is to explicitly describe these local contributions. However the direct computation of local 
contributions is a very difficult task in general. Instead of local contributions, we usually 
consider first the following number tr(F|M., which is much more easily computed. 

Let Mi be a fixed point component such that supp(F) fl Mj is compact. 

Definition 2.5 We set 


tr(F|M„<h|Mj := Y,{-l)hi{H={M,-F\M:) ^ M^(MpF|mJ}, (2.17) 


‘I’Im,. 


where the morphisms i7-^(Mj; ^ F[^[Mi] F\Mi) are induced by the restriction 

^Mi'-F\Mi'^ {(t>~^F)\Mi—> F\Mi (2.18) 


of <h. 


We can easily compute this new invariant tr(F|Mi,‘h|Mi) G C as follows. Let Mi = 
Uoeu be a stratification of Mi by connected subanalytic manifolds Mj^„ such that 
H\F)\Mi^ is a locally constant sheaf for any a G H and j G Z. Namely, we assume that 
the stratification Mj = LJ^g^Mj^o: is adapted to F\Mi- 

Definition 2.6 For each a G H, we set 

e C, (2.19) 

iGZ 


where Xa is a reference point of Mj^Q. 

Then we have the following very useful result due to Goresky-MacPherson. 
Proposition 2.7 ([9J) In the situation as above, we have 

tr(F|Mi, ^\Mi) = '^Ca- XciMi^a), (2.20) 

aeA 

where Xc is the Euler-Poincare index with compact supports. 
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In terms of the theory of topological integrals of constrnctible fnnctions developed by 
Kashiwara-Schapira m. Schapira [25] and Viro |2Z] etc., we can restate this result in the 
following way. Since we need C-valued constrnctible functions, we slightly generalize the 
usual notion of Z-valued constrnctible functions. 

Definition 2.8 Let Z be a subanalytic set. Then we say that a C-valued function 
(p: Z —> C is constrnctible if there exists a stratihcation Z = UaeA ^ 

analytic manifolds Z^ such that is a constant function for any a E A. We denote by 
CF(Z)c the abelian group of C-valued constrnctible functions on Z. 

Let (f = ■ Izc € CF(Z)c be a C-valued constrnctible function with compact 

support on a subanalytic set Z, where Z = Uoga ^ stratihcation of Z and G C. 
Then we can easily prove that the complex number Yha&A ■ xd^a) does not depend on 
the expression (p = XlaeA ' Izc of 

Definition 2.9 For a C-valued constrnctible function ip = ‘ Izc ^ CF(Z)c with 

compact support as above, we set 

f P :='^Ca ■ Xc{Za) ^ C (2.21) 

agA 

and call it the topological integral of p. 

By this dehnition, the result of Proposition 12.71 can be rewritten as 

*h|Mi) = [ p{F\Mi,^Mi), (2.22) 

j Mi 

where the C-valued constrnctible function p{F\Mi, ^\Mi) G CF(Mj)c on Mi is dehned by 

V>(f|M..4>l«.)(2^) - 5^(-irtr{ff^(F). H=(F),} (2.23) 

jez 

for X G Mi. 

Let us explain how the C-valued constrnctible functions discussed above are related to 
the theory of Lagrangian cycles in m Chapter IX]. Now let Z be a real analytic manifold 
and denote by T*Z its cotangent bundle. Recall that Kashiwara-Schapira constructed 
the sheaf Afz of closed conic subanalytic Lagrangian cycles on T*Z in mi (in this paper, 
we consider Lagrangian cycles with coefficients in C). 

Proposition 2.10 f [17] 1 There exists a group isomorphism 

CC : CF(Z)c ^ r(T*Z; .i^z) (2.24) 

hy which the characteristic function Ik of a closed submanifold K G Z of Z is sent to 
the conormal cycle [T^Z] in T*Z. 

We call CC the characteristic cycle map in this paper. From now on, we hx a hxed point 
component Mj and always assume that supp(F) n Mj is compact. 




Definition 2.11 We say that the global trace tr(F, $) is localizable to Mj if the equality 


c{F,^)Mi = tr(F|Mi,*h| 


Mi 


(2.25) 


holds. 


By Proposition 12.71 once the global trace is localizable to Mj, the local contribution 
c{F, <h)Mi of (F, <h) from Mi can be very easily computed. Let us denote Mi, c{F, <h)Mi etc. 
simply by M, c{F, $)m etc. respectively. From now on, we shall introduce some useful 
criterions for the localizability of the global trace to M. First let us consider the natural 
morphism 

0 ': —)■ Tm.^^X (2.26) 

induced by 0: X — > X, where Mreg denotes the set of regular points in M. Since M^g 
is not always connected in the real analytic case, the rank of may vary depending 

on the connected components of Mreg. 


Definition 2.12 Let 17 be a finite-dimensional vector space over M. For its 
endomorphism A\ V —> V, we set 


Ev(y4) := {the eigenvalues of A'^: 
where 17^ is the complexification of 17. 


17^} C C, 


^-linear 


(2.27) 


In particular, for x G M^eg we set 

Ev(0(,) := {the eigenvalues of {Tm,,^X)^ —^ {Tm,,^X)^] C C. 
We also need the specialization functor 

vm,„.-D\X)^D\Tm„X) 


(2.28) 


(2.29) 


along Mreg C X. In order to recall the construction of this functor, consider the standard 
commutative diagram: 


-M,. 


X^^Xm 4 

T ivireff 


reg 

P 




X 


(2.30) 


Mreg^ 


-4X, 


where Xm^^, is the normal deformation of X along Mreg and t: X 


‘-Mr, 


is the defor¬ 


mation parameter. Recall that fix is defined by t > 0 in Xm.^ ■ Then the specialization 
^Mreg(-^) of X along Mreg is defined by 


i^Mreg(T’) := s Rj*P (F). 


(2.31) 


Note that i^UresiF) is a conic object in D^(TMreg-^) whose support is contained in the 
normal cone C'Mreg(supp(F)) to supp(F) along Mreg. Since F is M-constructible, i^MregiF) 
is also M-constructible. By construction, there exists a natural morphism 


induced by $: 0 ^F 


F. In the sequel, let us assume the conditions: 


(2.32) 
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(i) supp(F) n M is compact and contained in Mj-eg. 

(ii) 1 ^ Ev(0^) for any x € snpp(F) fl Mreg. 

The condition (ii) implies that the graph of 0 in X x X intersects cleanly (see [T71 Deh- 
nition 4.1.5]) with the diagonal set Ax ~ X in an open neighborhood of snpp(F) flMreg. 
It follows also from the condition (ii) that for an open neighborhood U of snpp(F) flMreg 
in Mreg the hxed point set of —> t~^{U) is contained in the zero- 

section Mreg of Set U = T-\U), F = z/Mreg(E)|p and $ = ^ 

F. Then also for the pair (F, <h), we can dehne the characteristic class C{F,^) G 

-^SUpp(F)nMreE ^C/) ' 

Proposition 2.13 f | |21L Proposition 3.1]) Under the conditions (i) and (ii), the local 
contribution c{F, ^)m from M is equal to C{F, <h). 

Ju 

In [211 Theorem 3.2] we proved the following resnlt by Proposition 12.131 

Theorem 2.14 f | |21L Theorem 3.2]) Under the conditions (i) and (ii), assume more¬ 
over that 

Ev(0;)nM>i = 0 (2.33) 

for any x G snpp(F) fl M C Mreg. Then the localization 

c(F, <h)M = tr(F|jvr, *^1^) = [ V^(-E|m5‘^’Im) (2.34) 

Jm 

holds. 

In the complex case, we have the following stronger resnlt. 

Theorem 2.15 f |21L Theorem 3.3]) Under the conditions (i) and (ii), assume more¬ 
over that X and 0: X —> X are complex analytic and F G D^(X) i.e. F is C- 
constructible. Assume also that there exists a compact complex manifold N such that 
snpp(F) A M <Z N <Z M. Then the localization 

c{F,^)m = t,T{F\M,^\M) = [ <^(-E|m,'^’Im) (2.35) 

Jm 

holds. 

Remark 2.16 Later we will generalize Theorems l2.14l and l2.15l To treat the more general 
case where the set Ev(0^) may vary depending on a: G snpp(F) PlM, we need some precise 
argnments on Lefschetz cycles which will be introdnced in the next section. One naive 
idea to treat this case wonld be to cover snpp(F) fl M by snfficiently small closed snbsets 
Zi C snpp(F) n M and nse the local contribntions of (i^Mreg(X))T-iZi to compnte that 
of i^Mreg(-E) by a Mayer-Vietoris type argnment. However this very simple idea does not 
work, becanse we cannot apply m Proposition 9.6.2] to constrnctible sheaves with “non¬ 
compact” snpport snch as (i^Mreg(-E))T-iZi to jnstify the Mayer-Vietoris type argnment. 
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3 Some properties of Lefschetz cycles 

In this section, we recall onr constrnction of Lefschetz cycles in m and their standard 
properties. We inherit the notations in Section [2j Now assume that the hxed point set 
M = {x G X I 0(x) = x} of 0: X —> X is a submanifold of X. However here we 
do not assume that M is connected. We also assume that Ax intersects with = 
{(0(x),x) gXxX|xgX} cleanly along M in X x X. Identifying with X by the 
second projection X x X —> X, we obtain a natural identihcation M = Ax. We also 
identify (X x X) with T*X by the hrst projection T*{X x X) ~ T*X x T*X — T*X 
as usual. 

Lemma 3.1 f| l21L Lemma 4.1]I The subset T^^[X x X)r]T^^{X x X) of Ax) 
T^^(X X X) ~ M Xx T*X is a subbundle of M Xx T*X (whose rank as a vector bundle 
may vary depending on the connected components of M). 

Definition 3.2 f | |21L Definition 4.2]) We denote the subbundle T(^[X xX)nT^^(X x 
X) of M Xx T*X by X and call it the Lefschetz bundle associated with 0: X —)■ X. 


Proposition 3.3 f | |21L Proposition 4.2]) The natural surjective morphism 
p: M Xx T*X —» T*M induces an isomorphism X —^ T*M. 

From now on, by Proposition 13.31 we shall identify the Lefschetz bundle X with T*M. 

Now let F be an object of D^_^(X) and <h: (j)~^F — > F a morphism in D^_^(X). 
To these data {F, <h), we can associate a conic Lagrangian cycle in the Lefschetz bundle 
X ~ T*M as follows. Denote by ttx : T*X —)■ X the natural projection and recall that 
we have the functor 


PAx : X X) —> D'(T1^(X X X)) (3.1) 

of microlocalization which satishes 

Rt^x*TAx ^S'x ^ 5x^RFax- (3.2) 

Recall also that the micro-support SS(F) of F is a closed conic subanalytic Lagrangian 


subset of T*X and the support of px, 
X). Then we have a chain of natural 

^(FKIDF) is contained in SS(F) C T*X ~ 

[ morphisms: 

npxx 

RHomcx (X, F) ~ 

RF{X;6x{FmDF)) 

(3.3) 


RFssiF){T*X-,pAxiF^^F)) 

(3.4) 


RFssiF){T*X;pAx{h.h-\FmDF))) 

(3.5) 


RFssiF) {T*X- pAx {K {r"F ® DF))) 

(3.6) 

$ ^ 

FFss(i.)(T*X;/iA,(h,(F®DF))) 

(3.7) 

-^ 

RFssiF){T*X; pAx{h*uJx))- 

(3.8) 


Lemma 3.4 f |21L Lemma 4.4]) 

(i) The support of pxxih^ojx) is contained in X. 
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(ii) The restriction of in^^{h^ujx) to T T*M is isomorphic to where 

ttm '■ T*M —> M is the natural projection. 


By Lemma [3.41 there exists an isomorphism 

hAjf (h*a;x) - (3.9) 

where ij^: jF "—)■ T*X is the inclusion map. In what follows, we sometimes omit the 
symbol [it)* in the above identihcation 03.91) . Combining the chain of morphisms 03.3^ - 
03.81) with the isomorphism 03.9p . we obtain a morphism 

HomD 6 (jY)(.^, .P") ^-^ss(F)nJ='('^j (3.10) 

Definition 3.5 f | |21L Definition 4.5]) We denote by LC(F, $) the image of 
idi? G HomD6(jf)(F, F) in Tij^UM) by the morphism O3.10p . 

Lemma 3.6 f | |21L Lemma 4.6]) SS(F) n iF is contained in a closed conic subanalytic 
Lagrangian subset of iF ^ T*M. 

Definition 3.7 f ] |21L Definition 4.7]) Choose a closed conic subanalytic Lagrangian 
subset A of F ~ T*M such that SS(F) flF C A. We consider LC{F, 4)) as an element of 
iL°(F; Tif^UM) and call it the Lefschetz cycle associated with the pair (F, 4)). 

As a basic property of Lefschetz cycles, we have the following homotopy invariance. 
Let I = [0,1] and let 0: X x J — > X be the restriction of a morphism of real analytic 
manifolds X x M —)■ X. For t E I, let it'. X ^ —)■ X x / be the injection dehned by 
X I— > {x,t) and set (ft '■= f o it'- X —)■ X. Assume that the hxed point set of (ft 
in X is smooth and does not depend on t E I. We denote this hxed point set by M. 
Let F G D^_^(X) and consider a morphism d); <f~^F —)■ p~^F in D^_^(X x /), where 
p: X X I — y X is the projection. We set 

4>i := ^Uxp}: (ff^F F (3.11) 

for t E L We denote the Lefschetz bundle associated with (ft by Ft — T*M. 

Proposition 3.8 Assume that supp(F) AM is compact and SS(F) flFt C T*M does not 
depend on t E I as a subset ofT*M. Then the Lefschetz cycle 
LC{F,^t) E iLgg(.p^p|j.^(T*M; Trjj/cnM) does not depend on t E F 

Proof. The proof proceeds completely in the same way as that of HU Proposition 9.6.8]. 
Hence we omit the detail. □ 


12 












4 Microlocal index formula for local contributions 


In this section, using the Lefschetz cycle LC{F, <!)) introduced in Section [3l we introduce 
our microlocal index theorem which expresses local contributions of {F, $) as intersection 
numbers of the images of continuous sections of ~ T*M and LC{F,^). Here we do 
not assume that the fixed point set M of 0: X —)• X is smooth. However we assume the 
condition: 

1 0 Ev(0'^) for any x G Mreg. (4.1) 

Also in this more general setting, we can define the Lefschetz bundle F ~ T*Mi.eg over 
Mreg and construct the Lefschetz cycle LC{F, $) in F by using the methods in Section [3l 
Let M = Lljgj Mj be the decomposition of M into connected components. Denote (Mj)reg 

simply by iV, and set Fi := iV, x^^eg Then we get a decomposition F = — 

T*Ni of F. By the direct sum decomposition 

-^SS(F)nJPi (4-2) 

iei 

we obtain a decomposition 


LC'(F,<h) = 5^LC'(F,$)M, (4.3) 

i&I 

of LC(F, <l>), where LC{F,^)Mi G Now let us £x a hxed point 

component Mj and assume that supp(F) flMj is compact and contained in iVj = (Mj)i.eg- 
We shall show how the local contribution c{F, ‘h)Mi ^ C of {F, 4)) from Mi can be expressed 
by LC{F, 4>)Mi- In order to state our results, for the sake of simplicity, we denote W = 
(Mj)i.eg, Fi, LC{F, 4>)Mi, c{F, ^)Mi simply by M, F, LC{F, 4)), c{F, 4>) respectively. Recall 
that to any continuous section a: M —)■ F ~ T*M of the vector bundle F, we can 
associate a cycle [a] G (Cm)) which is the image of 1 G H^{M;Cm) by 

the isomorphism H^^j^-^{T*M;FyCM) — ° o')'-Cm) — (see [El 

Dehnition 9.3.5]). If a{M) n supp(LC(F, 4>)) is compact, we can define the intersection 
number jj([(T] fl LC{F, 4>)) of [cr] and LC{F, 4>) to be the image of [a] 0 LC{F, 4>) by the 
chain of morphisms 

® -f^s°upp(LC(F,-I>))(-T'; T^m^m) > H^(M)nsvipi,{LC{F,^)){^'Fx) (4.4) 

^ C. (4.5) 

Theorem 4.1 f | |21l Theorem 4.8]) Assume that supp(F) (1 M is compact. Then for 
any continuous section a: M —;■ F ~ T*M of F, we have 

c(F,4)) = tt([a]nLC(F,4>)). (4.6) 


As an application of Theorem 14.11 we shall give a useful formula which enables us to 
describe the Lefschetz cycle LC{F, 4)) explicitly in the special case where 0: X —> X is 
the identity map of X and M = X. For this purpose, until the end of this section, we 
shall consider the situation where 0 = idx, M = X and 4*: F —)• F is an endomorphism 
of F G D^_^(X). In this case, LC{F,^) is a Lagrangian cycle in T*X. Now for real 


13 



analytic function /: Y —)• / on a real analytic manifold Y (/ is an open interval in M) 
we define a section aj : Y — )■ T*Y of T*Y by := {y; df{y)) {y G Y) and set 

^f-= = {(y^dfiy)) \ y eY}. (4.7) 

Note that A/- is a Lagrangian submanifold of T*Y Then we have the following analogue 
of [m Theorem 9.5.3]. 

Theorem 4.2 LetY be a real analytic manifold, G an object ofY)^_^{Y) and T: G —)■ G 
an endomorphism ofG. For a real analytic function /: Y —» I, assume that the following 
conditions are satisfied. 

(i) supp(G) n {y eY I f{y)<t} is compact for any t E I. 

(ii) SS(G) n Aj is compact. 

Then the global trace 

tr(G, T) = 5^(-l)^tr{i7^'(F; G) A W{Y-, G)} (4.8) 

j£Z 


of (G, T) is egual to il([cT/] fl LG{G, T)). 

Proof. Since the hxed point set oi cj) = idy is Y itself, LG{G, T) is a Lagrangian cycle in 
T*Y. Moreover, since any open subset of Y is invariant by 0 = idy, we can freely use the 
microlocal Morse lemma (CZl Corollary 5.4.19]) to reduce the computation of the global 
trace tr(G, T) on T to that of 

5^(-l)^tr{L7^(a; G) ^ G)} (4.9) 

jez 

for sufficiently large t > 0 in J, where we set Vtt '.= {y E Y \ f{y) < t}. Then the proof 
proceeds essentially in the same way as that of m Theorem 9.5.3]. □ 

Theorem 4.3 Let X, F E D^_^(X) and $: F —> F be as above. For a real analytic 
function f: X —> M and a point xq E X, assume the condition 

A;nSS(F)c{(xo;d/(xo))}. (4.10) 

Then the intersection number tj([cr/] nLG(F, d*)) (at the point {xq] df{xo)) E T*X) is egual 
to 

(4.11) 

jez 

Proof. The proof is very similar to that of m Theorem 9.5.6]. For a sufficiently small open 
ball B{xo,e) = {x G X | \x — xfi < e} centered at Xq, set Fq = RFB(xo,e){F) ^ Dg_j,(X). 
Then $ induces a natural morphism <Fo: Fq —)■ Fq in D^_^(X). Moreover by the proof 
of [T71 Theorem 9.5.6], we have 

A/ n SS(Fo) C 7r]^^(fl_t) U {(xo; df{xo))} (4.12) 
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for sufficiently small t > 0, where we set ■.= {x & X \ /(x) —/(xq) < k} for fc G M. Then 
applying Theorem 14.21 to the case where / = (—oo,0), Y = flo, G = Fq\qq G Dg_^(y) 
and T = $obo: G —> G, we obtain 

^{[af]nLG{Fo,%)nn^\no)) 

= Ahf^(5(xo,£)nf]o;i")}. (4.13) 

jez 

On the other hand, since supp(Fo) is compact in X, by Theorem 14.11 we have 

«([a/] nLC'(Fo,$o)) = A H\B{xo, e); F)}. (4.14) 

jez 

Comparing (14.1311 with fl4.14p in view of fl4.12p . we see that the intersection number of 
[af] and LG{Fq, $0) at (xq; df{xo)) is equal to 

A (4.15) 

JGZ 

Since LC'(F, $) = LG{Fq,^q) in an open neighborhood of (xo;d/(xo)) in T*X, this last 
intersection number jl([a/] fl LC(Fo,$o)) f= fl4.15p ) is equal to jl([cT/] fl LC'(F, $)). This 

completes the proof. □ 

By Theorem 14.31 we can explicitly describe the Lefschetz cycle 
LC(F, 4)) G F{T*X] F^’x) as follows. Let X = be a p-stratihcation of X such 

that 

supp(LC(F, 4)) c SS(F) c □ ri_X (4.16) 

aeA 

Then A := UaeA a closed conic subanalytic Lagrangian subset of T*X. Moreover 

there exists an open dense smooth subanalytic subset Aq of A whose decomposition Aq = 
Aj into connected components satishes the condition 

“For any i G /, there exists a* G A such that A* C Tt X. ” (4.17) 

Definition 4.4 For i E I and a* G A as above, we dehne a complex number G C by 

m, := ^ (4.18) 

je.z 

where the point x G 7 rx(Aj) C Xq,. and the M-valued real analytic function /: X —)• M 
(dehned in an open neighborhood of x in X) are dehned as follows. Take a point p G A* 
and set x = hx (p) G X„.. Then /: X —> M is a real analytic function which satishes the 
following conditions: 

(i) p = (x;d/(x)) G Ai. 

(ii) The Hessian Hess(/|xc,J of f\xo,^ is positive dehnite. 
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Corollary 4.5 In the situation as above, for any i ^ I there exists an open neighborhood 
Ui of Ai in T*X such that 

LC(F,$)=m,-[T£X] (4.19) 

in Ui. 


Now let us define a C-valued constructible function $) on X by 

$)(a;) := H\F%] (4.20) 

iez 

for X E X. We will show that the characteristic cycle CC{ip{F,^)) of ip{F,^) (see 
Proposition I2.10p is equal to the Lefschetz cycle LC{F, $). For this purpose, we need the 
following. 

Definition 4.6 (|T7| and [2Dj) Let <p: X — > Z be a Z-valued constructible function 
on X and U a relatively compact subanalytic open subset in X. We dehne the topological 

integral / of over U by 

Ju 

j f = Y,‘:‘‘-x(RrX-XxV), (4.21) 

where ip = (co G ^) is an expression of ip with respect to a subanalytic 

stratihcation X = 1Jqga^« of X. 


We can extend C-linearly this integral 



Z and obtain a C-linear map 


/ : CF(X)c ^ C. (4.22) 

Ju 

On the other hand, since any relatively compact subanalytic open subset f/ of X is 
invariant by 0 = idx, the global trace on U 

ti{F\u, 4>|f/) = F) ^ nyu- F)} (4.23) 

jGZ 


is well-dehned. 

Lemma 4.7 For any relatively compact subanalytic open subset U of X, we have 

tr(F|t;,<F|t;)= [ ip{F,<l>). (4.24) 


Ju 

The proof of this lemma being completely similar to that of 0 Proposition 11.6], we 
omit the proof. 
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Theorem 4.8 In the situation 0 = idx, F —> F etc. as above, we have the equality 

LC{F, $) = CC{ip{F, $)) (4.25) 

as Lagrangian cycles in T*X. 

Proof. Let X = X^ be a /i-stratification of X such that 

supp(LC(F, $)), snMCC{ip{F, <h))) C A = □ T£X (4.26) 

a^A 

Take an open dense smooth subanalytic subset Aq of A whose decomposition A = Uie/ 
into connected components satishes the condition fl4.17p . Let us £x Aj and Xq,. such that 
Aj C X. It is enough to show that LC{F, $) and CC{ip{F, 4))) coincide in an open 
neighborhood of Aj in T*X. By Corollary 14.51 in an open neighborhood f/j of A, in T*X 
we have 

LC(F,<h)=m,-[T£X], (4.27) 

where ruj G C is dehned by 04.1811 for p G A*, x = 'Wxip) G Xq,., /: X —)■ M as in 
Dehnition 14.41 Let f/ be a sufficiently small open ball in X centered at x G Xq.. Set 
V -.= U {f < /(x)}. Then we have 

JGZ 

= tr(F|( 7 , <l>|c/) - tr(F|y, <h|y) 

= /p(F,<I>)- /p(F,$). 

Ju Jv 

This last number coincides with the coefficient of [Tt X]\u^ in CC{(p{F,^))\u^. This 
completes the proof. □ 

5 Hyperbolic localization and Lefschetz cycles 

In this section, we explicitly describe the Lefschetz cycle LC{F, $) introduced in Section 
[3] in terms of hyperbolic localizations of the specializations of F. Let M be a possibly 
singular fixed point component of 0: X —> X. Throughout this section, we assume the 
conditions supp(F) fl M C Mj-eg and 

“1 0 Ev(0(,) for any x G supp(F) fl Mreg.” (5.1) 

Then there exists an open neighborhood U of supp(F) n Mj-eg in M^g such that T^ 
intersects with Ax cleanly along U C M C T,^ fl Ax- Namely, there exists a Lefschetz 
bundle F = U Xm {Tf^{X x X) nT^^(X x X)} over U which is isomorphic to T*U. As 
in the same way as in Section [3l we can dehne a Lagrangian cycle in F associated with 
(F, <h). We still denote it by LC{F, 4)) and want to describe it explicitly. Replacing X, M 
etc. by X\(M\f/), U etc. respectively, we may assume that M is smooth and 1 0 Ev(0(,) 
for any x G M from the hrst. In this situation, the hxed point set of 0': TmX —)• TmX 
is the zero-section M. Let = {(0'(p),p) | p G TmX} C TmX x TmX be the graph of 
0' and Xtj^x — TmX the diagonal subset of TmX x TmX. Then 

F' := Tf^, {TmX x TmX) n (TmX x TmX) (5.2) 


(4.28) 

(4.29) 

(4.30) 
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is a vector bundle over the zero-section M ~ fl ^TmX of TmX. Since X' is also 
isomorphic to T*M by our assumptions, we shall identify it with the original Lefschetz 
bundle X = Tp^(X x X) fl T^^{X x X). Now consider the natural morphism 

^ (5.3) 

induced by <h: (l)~^F — > F. Then from the pair {i>m{F),^'), we can construct the 
Lefschetz cycle LCivui^F), <h') in F' ~ F. 

Proposition 5.1 In F F', we have 

LC{F,^) = LC{um{F),^'). (5.4) 


Proof. First, we briefly recall the proof of Proposition 12.131 which is similar to that of 
[T71 Proposition 9.6.11]. Since the construction of the characteristic class C{F,^)m G 
^supp{F)nMi^'Fx) is local around supp(F) flM (see [IZl Remark 9.6.7]) and X\ (M\f/) 
is invariant by 0, we may replace X, M etc. by X\{M\U), U etc. respectively. Then the 
proof follows from the commutativity of the diagram fl5.7p below. Here we denote TmX 
simply by Q and the morphism h: TmX —> TmX x TmX is dehned by h = (0', id). We 
also used the natural isomorphism Dum{F) ~ um(DF). Let us explain the construction 
of the morphism A in the diagram fl5.7p . Consider the commutative diagram: 


Tmxm(X X X)C- 


si 


-j- (X X X)mxm ^ 


31 




□ 


TmX^ 


S' 

-J- Xm ^ 


- ^^XxX 

□ 5 

- 


Pl 


□ 

p 


^X X X 


(5.5) 


-^X, 


where (X x X)mxm is the normal deformation of X x X along M x M and 
: (X X X)mxm —> K is the deformation parameter such that Ptxxx is dehned by H > 0 
in (X X X)mxm- Then the morphism A is constructed by the morphisms of functors 

h'xRpi^pF^ ^ RpF'Pi~^ — Rp*S' Rji*Pi~^ 

Rp*S' susf^RjupF^ ~ Rp*sFtmxH '^Rji*Pi ^ (5.6) 
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The other horizontal arrows in the diagram fl5.7p are constructed similarly. 


RRom{F, F) - 

RFa^ (X xX-,Fm DF) A RFas {G x G; vm>,m[F K DF)) 

RRmiG', h~^VMxM{F Kl DF)) 
RFm{X-c^-^F ® DF)-^ RFm{G\ i^m{(I>-^F ® DF)) ^ 



RFm{X-,F 0 DF)-7- RFm{G', vm{F 0 DF)) 4- 


-^ RHom{i^M{F), vm{F)) 

RFAgiG X G; i'm{F) KI D^mI^’)) 


RFm{G\ (f)' ^VAiiF) 0 BiyMiF)) 


RFMiG'^VMifj) ^F) 0 'Di>m{F)) 
$ 

— RFm{G\i^m{F) 0 Dvm{F)) 


(5.7) 


RFm{X;ujx) - > RFm{G; i^m{ojx)) - RFm{G; ojg) 


C 


c. 


Now the proof of Proposition 15.11 follows from the commutativity of Diagram 15.11 a 
below, which is a microlocal version of Diagram fl5.7p . Here we denote TmX, SS(F) and 
Ct^x(SS(F)) by Q, S and S' respectively. Note that we have natural isomorphisms 

T*{TmX) ~ T*(T^X) ~ Tt;^x{T*X) (5.8) 

(see [m (6.2.3)] and fl5.22p below) and the normal cone S' = Ct^x(SS(F)) can be 
considered as a subset of T*(TmX) = T*Q. We also used a conic isotropic subset S" = 
(.S n J^) U (.S'n r) of ~ A ~ T*M and the morphism h: TmX TmX x TmX 
is defined by h = {(j)'S^T mx)- Moreover we used the natural isomorphism Dz/m(T") — 
z/m(DF) to obtain Diagram 15.11 a. Let us explain the construction of the morphism A in 
Diagram 15.11 a. First consider the commutative diagram: 


Tmxm(X X A)C 


si 


-> (X X X)mxm ^ 


n 




□ 


TmX^ 


S' 

Xm ^ 


- ^^XxX 

□ 5 

-5^, 


Pi 


□ 

P 


^X 


^X X X 
<5x 

—»x 


(5.9) 


which already appeared in the proof of Proposition 12.131 Denote the image of 6' (resp. S) 
by (resp. Aq^). Then we see that the following morphisms are isomorphisms. 

V/ : Aq^ XAjf T^^{X X X) —)■ T^^^Qxxx, (5.10) 

: Aq Xa~ T^— ((A X X)mxm) — t Stxxx-, (5T1) 

'si : Xtj^x Xa~ — ((A X X)mxm) — > ^{Tmxm{X x X)). (5.12) 
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Diagram EH a 


REom{F, F) 


^ i?Hom(z/A^(F), pm{.F)) 


i 


i 


RFs{T*X;fi^^{F K DF))- ^ RrsiT*g -^ ^F))) < - RFsiT*g-fi^^{uM{F) K Dum{F))) 


RFs'(T*g; ^Ag{h^h ^vmxM^F lEl DF))) -i- RFs'(T*g; /iAg(^*(0^ ^^m{F) 0 Dz/m(F)))) 


RFs{T*X■,^IAAh*{<^^ F(^DF)) - ^RFsiT*g-,^iAg{KiyM{g-^F®DF)))i -FFs^T^^?;/iA^(/i,(z/M(0-'F) 0 Dz/m(F)))) 

$ 

RFs{T*X-,^iAAh*{F®BF))) - > RFsiT*g-, fiAgiK^F 0 DF)).- RFsiT*g-, ^lAgiK^MiF) 0 Di/m(F)))) 


RFs{T*X; fiAxA*^x)) 


- 4 - RFs>{T*g-, ^lAgih^T^MAx))) 


■ RFs'iT*g; fiAg{h^ug)) 


RFs"{F; 


RFs"{F; 


RFs"{F; 71 A (^m)- 

































Now let us set 


Si := Vi'(^f2x XAx -S'), (5.13) 

^2 := ^Ji'~\Si), (5.14) 

^3 := 52nTl^^^(TMxM(XxX)). (5.15) 

Then we have the following morphisms 

RrssiF){Tl^{X X X);/iA,(F K DF)) 

^ RrssiF){Tl^{X X X);^I^^{RpuPl-\FMI)F))) (5.16) 

^ RFs,iTl^^nx.x;fiAnJpi-\FMDF))) (5.17) 

RFsATl^ ((X >r^xM);hA~ {Rji.pi-\FmF)F))) (5.18) 

—)■ F/52(T^_ ((X X X)MxM);hA~ (si*s7^Fji*pr^(F K DF))) (5.19) 

—)■ RFs^iT'^^^^iTMxMiX X X))] px^^^{si^Rjupi ^(FKIDF))) (5.20) 

= FF53(T*^; pAg(^MxM((X Kl DF)))), (5-21) 


where we used [13 Theorem 4.3.2 and Proposition 3.3.9] (see also the arguments in [T71 
page 192-193]) to prove that the morphism fl5.18p is an isomorphism. Let us show that 
is equal to S'. Let (F, x") be a local coordinate system of X such that M = {x' = 0} and 
{x',x"]^',^") the associated coordinates of T*X. Then by the Hamiltonian isomorphism 
etc., we can naturally identify T*(TmX) ~ T1 ^(TmxmIX x X)) with Tt* xiT*X) as 
follows (see [13 (6.2.3)]). 

T*{TmX) ~ T*(T^X) ~ Tti^x{T*X). 

uj uj uj (5.22) 

(F,F';f,n ^^ {.i\x"]-x',i") i —^ {x',x"]i',i") 

Under this identihcation, we can prove that S's C T*(TmX) ~ Tt (Tmxm(X x X)) is 
equal to the normal cone S' = Ct^x{SS{F)) C Tt^x{T*X) as follows. In the associated 

local coordinates {x',x",t-,^',0 {t > 0) of An_,^ Xa~ ((X x X)mxm) (- Xa^ 

T^xiX X X) ~ Six Xa T*X), its subset *ji' ^'^pi'iXfi^ x^x S) is expressed by 

{{x',x'',t;C,n e Ao, Xa~ ((X ^mxm) \ {tx',x";t-^^',0 e SS(F)}. (5.23) 
Hence we have 


{x',x"-e,n eS, = S^nT*^^ ,(Tmxm(X X X)) 


^ni^n] ^n) ^ Xqx X 


M Xf. 


n^oo 


((X X X)mxm) 


s.t. 


[x',x",0;e,n, 


C,C') e SS(F) 


^i^ni ^n) ^ Xqx ^ 


M Xa 


n^oo 


((X X X)mxm) 


s.t. 


v,F',o;e',n, 


itnX'^,x'^]i'nRnO ^ SS(F) 


(5.24) 


(5.25) 
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(5.26) 

(5.27) 


s.t. 


3{{Xn,Xn";^n,^n ),Cn) G SS(F) X M>o 

(Cn^', Cr^in) ™ (o^', ^'0 
^ (x', x"; r, e") e ^' = Ct^x(SS(F)) C Tt^xT^X 

We thus obtained the morphism A; 


Rrs{T*X-fi^^{F K DF)) ^ RrsiT*g;fi^^{uMxM{F K DF))). (5.28) 

We can construct also the morphism B in Diagram 15.11 a as follows. 

Rrs{T*X- {Kir^F 0 DF))) 

—)■ RFsiT*g;ij,Ag{iyMxM{Ki(j)~^F (^DF)))) (5.29) 

—)■ RFs'{T*g;fiAg(h*i^M{g~^F^DF))), (5.30) 

where the hrst morphism is constructed in the same way as A and we used im Proposition 
4.2.4] to construct the second morphism. This completes the proof. □ 


In what follows, we shall identify F ~ F' with T*M and describe LC{F,^) = 
LF(i/m(X), $'). Since our result holds for any conic object on any vector bundle over 
M, let us consider the following general setting. Let r: g —» M be a real vector bundle 
of rank r > 0 over M and ip\ g —?■ g its endomorphism. Assume that the hxed point 
set of Ip is the zero-section M of g. This assumption implies that 

1 ^ Ev(' 03.) for any x G M. (5.31) 

Suppose that we are given a conic M-constructible object G G Dg_^(^) on g and a 
morphism T: 'ip~^G —> G in D^_^(^). From these data, we can construct the Lefschetz 
bundle Fq — T*M associated with pj and the Lefschetz cycle LG{G, T) in it. 

Fix a point x G M and consider the linear homomorphism ipo: g^ —)■ g^. Let 
Ai,..., Arf be the eigenvalues of ^po on M>i and A^+i,..., A^ the remaining ones. Since 
these eigenvalues vary depending on x G M continuously, we denote their continuous 
extensions to a neighborhood of x in M by Ai(x),... Ar(x). Then for a sufficiently large 
F > 0 we have Ai,..., A^ G [1, Fj. Moreover there exists a sufficiently small e > 0 such 
that 

Xd+i, ■ ■ ■, Xr ^ {z E C \ Rez > 1,1 Im^l < £}. (5.32) 

By the continuity of the eigenvalues, there exists a sufficiently small neighborhood U of 
X in M such that 


Arf+i(x),..., Ar(x) ^ { 2 ; G C I Re 2 ; > 1,1 Im2;| < e}, (5.33) 

Ai(x),..., Xd{x) G { 2 : G C I 1 < Re 2 : < F -|- 1, I Imz| < e} (5.34) 


for any x E U. If necessary, replacing F by a smaller one, we may assume also that g is 
trivial on U. For x G F we set 


P. 



'ipx) ^dz, 
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(5.35) 



where C is the path on the boundary of the set {z G C | 1 < Re z < R+1, | Ini 2 :| < e} C C. 
Then —> Qx is the projector onto the direct sum of the generalized eigenspaces 

associated with the eigenvalues in {z G C | 1 < Re z < R + 1, | Imz| < e} C C. The 
family {Px}xeu dehnes an endomorphism P of Q\u, whose image W C Q\u is a subbundle 
of Q\u- 

Definition 5.2 We call W := ImP C Q\u the minimal expanding subbundle oi Q\u (on 
the neighborhood P of x G M). 

Definition 5.3 f J17L Section 9.6]) We say that a subbundle £ of Q\u is an expanding 
subbundle if it satishes the following conditions: 

(i) 'il)\r-i(u){£) C £. 

(ii) W is a subbundle of £. 

(hi) £^ C 0a^[o,i](^^)a for any xeU. 

For any expanding subbundle £ of Q\u, the induced morphism : £ —> £ is an 
isomorphism of vector bundles. 

Definition 5.4 ([!]) Let T£ : £ —)■ U be an expanding subbundle of Q\u and is: U =— > £ 
its zero-section. We dehne an object G D^_^(P) by 

G^-fo=z'(G|f)~Pr£,(G|^) (5.36) 

and its endomorphism —)■ G'^^ by the composite of the morphisms 

Rrs\{G\s) Pts^^^,^-\G\s) (5.37) 

- RT£^^\{{'^P~^G)\s) ^ Pts\{{'iP~^G)\s) (5.38) 

A Rts,{G\s). (5.39) 

Here we set 'ip := 'ip\s and the first morphism above is induced by the adjunction. We call 
the pair 4'^”^) the hyperbolic localization of (G, T) with respect to £. 

Proposition 5.5 Let x ^ M be a point of M. Then there exists a sufficiently small open 
neighborhood U of x in M such that for any compact subanalytic subset K of U and for 
any expanding subbundle £ of Q\u, we have 

[ G(G^|p, T^lp) = tr((G^)'-\ (^^)^-^). (5.40) 

Ju 

Here we set U := t~^{U) and K := 

The proof of this proposition is completely similar to that of m Proposition 9.6.12] 
and we omit it here. By the isomorphism {G^)'f^ ~ (G^”^)^^', we thus obtain the equality 

f G(G^|p, T^lp) = tr((G’-^)^, (4/'-!)^). (5.41) 

Ju 
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Take a sufficiently small open subset U oi M for which Proposition 15.51 holds and 
define a constructible function on it associated to the hyperbolic localization 

by 








(5.42) 


Then by applying fl5.4ip to the special case where iP is a point, we find that it does 
not depend on the choice of the expanding subbundle £. Hence we can glue such locally 
defined constructible functions to obtain a global one (Pm{G, T) on M. 


Proposition 5.6 Under the condition fl5.3ip we have the equality 


LC{G,^) = CC{ipM{G,^)) 


(5.43) 


as Lagrangian cycles in T*M. 


Proof. Let tim- T*M —> M be the projection. Fix a point x E M and compare the 
both sides of fl5.43p on a neighborhood of 7rf^{x) C T*M. By the homotopy invariance 
of Lefschetz cycles (see Proposition ra, nzi Proposition 9.6.8] and fl5.4ip . taking a 
sufficiently small open neighborhood U oi x and replacing with tfj for |1 — f| -C 1, we 
may assume the following conditions: 

(1) ^1 f/ is trivial. 

(2) The open subset U satisfies the condition of Proposition 15.51 

(3) Ev('0^) n { 2 ; G C I | 2 ;| = 1} = 0 for any x E U. 

It is enough to show that 


LC{G\^,^\^) = GG{^M{G,nu), (5.44) 

where U = As in the proof of [13 Proposition 9.6.12] we can construct subbundles 

Q+ and Q- of Q\u for which we have the direct sum decomposition G\u = G+ ® G- and a 
metric on G\u such that 

there exist constants Ci, C 2 with 0 < Ci < 1 < C 2 satisfying the condition 

\'Gx{v-)\ < Ci|n_| (n_ G Q-^x), \'tpx{v+)\ > C2|n+| (n+ G Q+^x) for any x eU. (5.45) 

By using this metric, we set 

Z := {(a:,n+,n_) G G\u \ |n+| < a, |n_| < 6}, (5.46) 

for some fixed constants a, 6 > 0. Then fl Z is open in Z and closed in 

and hence we can construct a morphism 

^{Gz)—> Gz (5-47) 

induced by T: —)■ G. Since is an expanding subbundle of G\u, we have 

(PM(G,T)|^ = (p(G;ri,vi/;ri). (5.48) 


24 













Moreover we have 


v[;;ri)) = LC{G'g^, v]/;.;!), (5.49) 

by Proposition 14.81 Thus we have to show that 

LC(G|^, Tip) = LC(G;r\ T;ri) (5.50) 

as Lagrangian cycles in T*U. In what follows, for simplicity we write M instead of U and 
Q\u = G|p, T|p etc. by G, T etc. respectively. 

Let us take a p-stratihcation Q = LIosa ^ which satishes the following three 

conditions. 

(i) There exists a subset B G A such that the zero-section M C ^ of ^ is U/Jes 

(ii) ss(Gz)cU.«re*.5mr*5. 

(Hi) SS(Gp‘),SS(flT.Gz) c Ub^bTS^M in T’M. 

For /3 G B, we shall denote 0/3 C M hj Namely M = 1J/3gb ^ p-strati£cation 
of M. Set A = U/ 3 gb^M; 3 ^ T*M. By the conditions above, we obtain 

supp(LG(G, T)), supp(LG(Gg“\Tg~^)) C A. (5.51) 

Therefore it suffices to show that LG(G, T) coincides with LG{G'g^,'^'g^) on an open 
dense subset of A. Let Aq be an open dense smooth subanalytic subset of A whose 
decomposition Aq = Aj into connected components satisfies the condition 

“For any i G /, there exists Pi E B such that Aj C TA M.” (5.52) 

Let us fix Aj and Mj 3 ^ as above and compare LG{G, T) with LG{G'g^, Take 

a point po G Aj and set xq = t^m{po) ^ Tfg.. Let /: M —)■ R be a real analytic function 
(defined in an open neighborhood of Xq) which satisfies that po = (xo;d/(xo)) G A,, 
/(xo) = 0 and the Hessian Hess(/|A^^ ) is positive definite. Then by Corollary 14.51 we 
have 

LG(Gp', >!>«) = m, ■ ITI,^M] (5.63) 

in an open neighborhood of Aj in T*M, where ruj G C is dehned by 

■= E(-lt‘’'{^f/>o)(^(^»A)iGsy) (5.54) 

jgZ 

for sufficiently small h > 0. Set V := B{xo,6) and IF := H fl {/ < 0} in M. Then we 
have 

rrii = tTiRBviG'gP^)), RM^pP)) - tr(i?r^(G;r')), RRwi^p^))). (5.55) 

Set also V := r“^(F), IF := r“^(IF) C G and / := f o r: Q —)■ R. Since we work 

in a sufficiently small open neighborhood of xq, we may assume M = R”^,xo = 0. Set 

g{x) := |xp = xl + -h x^. 
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Lemma 5.7 For a sujficiently small 6 > 0, we have 

ti(Rrv{Ggl), Rrvi't'gl)) = ti(Rrg(Gz), RFfiHig)), (5.56) 

Rrw{<S'g-^^)) = mRR^iGz), RR^l-fz)). (5.57) 

Proof. By the microlocal Bertini-Sard theorem (ca Proposition 8.3.12]), there exist 
5o, ^0 > 0 such that we have 

A n R>oA, n 7r-'({0 < |x| < ho}) C Tf^M, (5.58) 

(A + T{%o}^) n M>oA, n 7rlj\{0 < |x| < ho}) C Tf,M, (5.59) 

A n M>oA^ n 7r-'({-£o < / < 0}) C T^M. (5.60) 

Fix a constant h such that 0 < h < ho and set S := {x E M \ f{x) = 0, |x| = h}. For x E S 


consider covectors f E M>oA/ Pi TfM,r] E R>oAg Pi TfM. Assume that f + rj = \ E K. 
Then we have \ — f = 7]E{h. + fl M>oAg and thus obtain = 0 by fl5.59p . This 

implies that we have ^ = A G A n M>oA/ HTfM and ^ = A = 0. By this argument we 
obtain 


A n (M>oAj + M>oAg) n TfM C {0} (5.61) 

for any x E S. By the compactness of S, there exists an open neighborhood O of S' such 
that for any x E O we have 

SS(G;ri) n (M>oA^ + M^oAJ n TfM c {0}, (5.62) 

SS{RnGz) n (M>oA/ + M>oA 3 ) n T;M c {O}. (5.63) 

First, let us prove the equality 05.561) . By the microlocal Morse lemma, we have 

Rr{B{xo, h); G'gl) ~ Rr{B{xo,6); G'-g^), (5.64) 

Rr{T-\B{xo, h)); Gz) ^ Rr{T-\B{xoJ)); Gz) (5.65) 

for 0 < h < ho. Thus for K := B{xo, h) we obtain 

tr{Rrv(Gg-^'), Rrv(<Vg-;)) = tr((G;ryK, (Wpjjr), (5.66) 

tr(Rrg(Gz), ErgCtz)) = ti((Gz)jf, (l'z)jf). (5.67) 


Moreover by Proposition 15.51 and the local invariance of characteristic classes, we have the 
equality 


tr((G;ri)^, (vl/;r%) = G{G^,'^^) 

Jg 

(5.68) 

= /c'((Gz)x.(4'z)if) 

(5.69) 

= tr((Gz)j^, (4>z)^). 

(5.70) 


We thus obtain the equality 05.561) . 

Next let us prove the equality 05.57p . For e: > 0 we dehne an open subset t4 of bF by 


Ue-.= {xEW \ dist((r, M\W)> e}. 


(5.71) 
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For sufficiently small £ > 0, outer conormal vectors of dU^ are contained in M>oAj + 
M>oAg n 71]^(O). Thus by the conditions fl5.58p . fl5.6Up . fl5.62p and fl5.63p we can apply 
the non-characteristic deformation lemma to Rt^^Gz and the family {t4}e to obtain 

RRiW; ^ i?r(l4; G;r'), (5.72) 

Rr{W-, Rt,Gz) ^ RRiUl- Rt,Gz) (5.73) 

for sufficiently small e > 0. Replacing K by 74 in the proof of fl5.56l) . we obtain the 
equality fl5.57p . □ 

Applying Lemma lATI and Theorem 14.11 to the pair (R/p(G^), i?Tp(T^)), we obtain 

tr(fiA-(Gjr'), Rry(¥gl)) = J(M n LCiRryiGz), Rryiti!,))). ( 5 . 74 ) 

Now define a real analytic function (dehned on a neighborhood of r“^(xo) <Z Q)'g'. Q —?• M 
by ^ S' ° Then by the microlocal Bertini-Sard theorem, there exists hi > 0 such that 

SS(Gz)nA^n7r4^({n e | 0 < |r(n)| < hi}) = 0, (5.75) 

where vrg: T*Q —)■ Q is the projection. Moreover by the proof of [T71 Theorem 9.5.6], 
there exists h 2 > 0 such that 

c > 0, 0 < |a:| < h 2 , f{x) > 0 (x; c • dg{x) + df{x)) ^ A. (5.76) 

Replacing the constant h by a smaller one, we may assume that 0 < h < min(ho, hi, h 2 ). 

By the condition (i), fl5.75p and the dehnition of A we have 

snpp{LG{Rry{Gz),Rry{'^z))) C SS{Rry{Gz)) n Ro (5.77) 

C {SS(Gz)U(SS(G'z)+T;^^)}n J-o (5.78) 
C A U (A + T^VM) =: A'. (5.79) 

Since A' is isotropic, by the microlocal Bertini-Sard theorem there exists sufficiently small 
£i > 0 such that 

A' n A; n < I/I < £i}) = 0. (5.80) 

Arguing as in the proof of m Theorem 9.5.6] by using the conditions 05.591) . 05.76P and 

05.8np and the estimate 05.77p - 05.79p . we obtain 

Af n snppiLGiRRyiGz), RRyi^z))) C < -£i}) U {po}- (5.81) 

Hence from 05.74p we deduce 

tT{Rrv{G'g-^^),Rrv{^g-^^)) 

= <-^i})n[af]nLGiRry{Gz),Rry{^z))} + [af] ■ LG{Gz,'^z), (5.82) 

PO 

where [cx/] ■ LG{Gz,^z) is the local intersection number of [af] and LG{Gz,^z) at 

PO 

Po e Aj. 

The other term tT{Rrw{G'g^), RRwi'^'g^)) = z), RRp^i'^z)) can be calcu¬ 

lated as follows. For e: > 0, set H4 := W n{/ < —e} and H4 := hFn{/ < —e} = r“^(H4)- 
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Lemma 5.8 There exists sufficiently small £2 > 0 such that 


ti{Rr^.(Gz), Rr^eSz)) = tr(fir,y_(Gz), Rr^^eSz)) (5.83) 

for any t) < e < 62 - 

Proof. Set S := SS{Rry{Gz)) C T*Q. Then by the microlocal Bertini-Sard theorem 
there exists £2 > 0 such that 

S nAjn7r-i({-e2 < 7< 0}) = 0. (5.84) 

Hence by the microlocal Morse lemma (ca Corollary 5.4.19]), for 0 < £ < £2 we obtain 

RPHf < 0}; RPyiGz)) ^ RRiil< -4; RMGz)). (5.85) 

□ 

Let us continue the proof of Proposition ESI By Lemma ETl Lemma ESI and Theorem 


HU we obtain 

tr(fir„,(G5;‘), = #(N n LC(Rr^^(Gz). RRiyJ'tz))) (5.86) 

for 0 < e < £ 2 - Moreover it follows from the condition (i) and the dehnition of A that 

snMLG{Rr^^{Gz),Rr^^{^z))) C SS(/2r^j<_,j(/2rp(Gz))) n (5.87) 

C A' + R<oAf. (5.88) 

Comparing this last estimate with 05.80^ . we obtain 

AjnsnppiLGiRr^^iGz),Rr^^i^z))) C 7rf,\{f < -e,}) (5.89) 

for 0 < e < min(£i,£ 2 )- Since 

LG{Rr^^iG),Rr^^m = LGiRry{G),Rrym (5.90) 

on T^f^iif < —e^i}), from fl5.86l) we obtain 
tr(fir„-(G;r‘),flr„.(>i' 5 ;‘)) 

= HTTuHf < -El}) n |ff/| nLC(iir5.(Gz),flr,i(<iiz))}. (5.91) 

Putting fl5.82p and fl5.9ip into fl5.55|] . we hnally obtain 

= Wf] ■ LG{Gz,'^ z), (5.92) 

PO 

which shows 

LG{Gz, vhz) = LG{G'g-^\ (5.93) 

on Aj. By the local invariance of Lefschetz cycles, we have 

LG{Gz,^z) = LG{G,^). (5.94) 

By combining 05.931) with 05.941) we obtain the assertion. □ 

















Now we return to the situation at the beginning of this section. Namely for a hxed 
point component M of 0 assume the conditions supp(F) n M C M^g and 

“1 0 Ev(0^) for any x € supp(F) fl M.” (5.95) 

Definition 5.9 We dehne a C-valued constructible function 9{F,^)m G CF(Mreg)c on 
Mreg by 

e{F, <h)M = $'). (5.96) 

We call it the local trace function of {F, $) on the hxed point component M. 

By Propositions l5.ll and l5.6l we obtain the following explicit description of the Lefschetz 
cycle LC{F,<!>)m. 

Theorem 5.10 We have the equality 

LC{F, $)m = CC{e{F, <h)M) (5.97) 

as Lagrangian cycles in T*M^eg. In particular, if moreover supp(F) O M is compact we 
have 

c(F,$)m= [ e{F,^)M. (5.98) 

J A^reg 


Corollary 5.11 Let X, 0 and M he as above and Fi F 2 P 3 —E)- Fi[l] a dis¬ 
tinguished triangle in D^_^(X). Assume that we are given a morphism of distinguished 
triangles 


0-iFi 0-1^2 0-1^3 


$1 

$2 

n ct r 

; /3 i 


Fl-^- >F2 - - - >F3 



r'Fi[i] 


7 


#i[i] 

*n[ii 


in Then we have 


LC{F2, ^2)m — LC{Fi, <hi)M + LC{F^, ^3)m- 


(5.99) 


(5.100) 


In the complex case, we have the following stronger result. 

Theorem 5.12 In the situation of Theorem \5.1(K assume moreover that X and 0: X —> 
X are complex analytic and F G D^(X) i.e. F is C-constructible. Then we have 

LC{F, 4)„ = LC{F\m,.., 4 |m„.) = CC(»>(F|m.„. 4 |m,..)) (5.101) 

globally on T*M^eg. 
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Proof. By Proposition 15.11 we have only to prove 

4') = LC{F\m.„, 4|m,..). (8.102) 

Since these cycles are considered as sections of the sheaf of of Lagrangian cycles on 

T^Mreg, it suffices to prove fl5.102p locally. Namely, for each xq G Mreg we have only to 
prove fl5.102p on an open neighborhood of in ~ T*Mreg. This local statement 

can be proved along the same line as the proof of Proposition 15.61 Since {F) admits 
the action of the multiplicative group = C \ {0} in the complex case, we may use 
the arguments in the proof of m Corollary 9.6.16] for this purpose. This completes the 
proof. □ 


By this theorem we can drop the very technical condition on supp(F) flM in Theorem 

We give a stalk formula of i^MrBg{F)'f~^ which is useful to calculate the value of the 
constructible function 9{F, ^)m = PM,,g(,J^M,,g(,F),^')). 

Proposition 5.13 In the situation of Theorem \5.1(K let £ he an expanding subbundle of 
TmX on a neighborhood of x E supp(F) fl M C Mreg. Then we have 

H’‘ {EM,JF)'i'))^ ~ \^Hl,r,AB;F) (5.103) 

B,Z 

for any k E T,, where B ranges through the family of open neighborhoods of x in X and 
Z through that of closed subsets of X such that CMregi^) hi {£x \ { 2 ^}) = 0- 

Proof. By the conicness of vm^F), we have 

W (UM(F)'r^)), ^ H” (4(</m(F)|£))^ (5.104) 

-«m(£«;-'m(F)|£.). (5.105) 

In what follows, we use the notation in fl2.30p . Let B and Z be as in the statement. Since 
A := Cm{Z) is a closed conic subset of TmX., as in the proof of [171 Theorem 4.2.3 (in)], 
we obtain the chain of morphisms: 

RFBnz{B;F) —> Rrp-i(^Bnz){p ^F) (5.106) 

—> RFp-i(^Bnz)nnxiP~^iB) ^ klx;P~^F) (5.107) 

—^ RF(p-^Bnz)nnx)uA{p~\B) C fix; Rj*j~^p~^F) (5.108) 

—> RFT-i(^BnM)nA{‘T ^{B n M);um{F)). (5.109) 

Here we used the fact that {p~^{BnZ) flflx) UH is closed in p~^{B). Since £xPA EL {x}, 
the restriction morphism induces the one: 

RFT-^{BnM)nA{x ^{B n M)-,i'm{F))—> RP^xjiTx] i^m{F)\£^). (5.110) 

Combining the above morphisms, we obtain the morphism: 

!i!5i/|nz(B; F) %(£.; MF)\e.). (5.111) 

B,Z 
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Let us show that this is an isomorphism. The proof is similar to that of m Theorem 
4.2.3 (hi)]. Set U = B\Z and V := T~^{BnM)\CMiZ). Then V is an conic open subset 

O O 

of TmX and satishes £x C V, where we set Sx ■= £x\ Composing the morphism 
i pn Theorem 4.2.3 (ii)]) 


Rr{U; F) RFiy- pm{F)), (5.112) 

and the restriction, we obtain the one 

RF{B \Z-F)-^ RF{ix-, i^m{F)\sJ. (5.113) 

Now consider the following commutative diagram: 


B,Z 




>ih^iLV(^;^) 

B,Z 


c^k 


^l\^H'‘{B-,F) ->••• 

B 

l^k 




Then all the rows are exact and all PRs are isomorphisms since H^{Sx] i^m{F)\£^) ~ 
H^{F)x- Thus it suffices to show that 7 ^ is an isomorphism for any /c G Z. By [T71 
Theorem 4.2.3 (ii)], we have 

H\ix-,i^M{F)\£j ~ \i^H\W-UM{F)) (5.114) 

w 

\i^ H\U';F), (5.115) 

W,U' 

o 

where W ranges through conic open neighborhoods of Sx in TmX and U' ranges through 
open subsets of X such that Cm{,X \ U') fl IT = 0. For a pair (5, Z) as in the statement, 
by taking U = B\Z as U' and V := t~^{B fl M) \ Cm{Z) as hF, we obtain the morphism 

li^ Fr^(B \Z]F) —^ lii^ Fr^(t/'; F). (5.116) 

B,Z W,U' 

Conversely, for any pair (hF, U') as above, if we take any open neighborhood i? of x in 

O 

X and set Z = X \ U', we have Cm{Z) H £x = ^ and B\Z C U'. Hence the morphism 
fl5.116p is an isomorphism. Since the composite of the morphism fl5.116p and isomorphisms 
fl5.114p - fl5.115p is equal to 7 ^, we complete the proof. □ 


Remark 5.14 Let r: Q —> M be a vector bundle and tp'- G —t Q its endomorphism. 
Similarly to Dehnitions 15.21 and 15.31 we can dehne its minimal shrinking subbundle and 
shrinking subbundles (cf. [T71 Section 9.6]). For a shrinking subbundle S on an open 
subset U <Z M and a conic M-constructible object G G D^_^(^), we set 

Gi" := iyjiG 6 DL.X), (5.117) 

where is '■ U "— )■ S is the zero-section of S and js '■ S "— > Q is the inclusion map (cf. 
m)- Moreover as in Dehnition 15.41 to a morphism 4/; -0 —> G we can associate 
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its endomorphism ^ ^ 5 ^'- Then we obtain a result similar to Proposition 

15.51 for the pair (cf. [I?! Proposition 9.6.14]) and can dehne a constructible 

function 4/) G CF{M)c globally dehned on M and associated to it. We can easily 

show that ip%i{G, 4/) = ipm{G, 'h). Hence we can calculate the value of ipuiG, 4/) also by 
shrinking subbundles. In fact the proof of the equality 

LG{G,^)=GGicp^j^{G,'^)) (5.118) 

is much easier than that of Proposition 15.61 


6 Some examples 

In this section, we introduce various examples to which our results in previous sections 
are applicable. First of all, we shall give a very simple proof to the following result in 
[ 2 TI Corollary 6.5]. Note that the original proof in [21] relies on some deep results on the 
functorial properties of Lefschetz cycles (see [211 Sections 5 and 6 ] for the details). Let 
Mi be a hxed point component of cj) such that supp(F) flMj C (Mj)i.eg. For simplicity, we 
denote by M. Let M = UaeAMa be the decomposition of M = into its 

connected components and recall the notations in Introduction. 

Theorem 6.1 f | |21|, Corollary 6.5]) In addition to the condition: 

1 ^ Ev(0(,) for any x e supp(F) n M, (6.1) 

assume that the inclusion map iu'- M =—> X is non-characteristic for F and supp(F)nM 
is compact. Then we have 

c(F,$)a^ = ^ sgn(id-0')Ar, • / V^(E|mc, (6.2) 

a&A 


Proof. First, we prove the following lemma. 

Lemma 6.2 In the situation of Theorem 16.11 r>M{F)\T-^{x) is smooth, i.e. its cohomology 
sheaves are (locally) constant for any x G M. 

Proof. Set G = vm^F). It suffices to show that for any x G M and p G r“^(x) the 
restriction morphism 

RF{t-^{x)-,G)G p (6.3) 

is an isomorphism. For p = 0 it is trivial by the conicness of G. Assume that p 7 ^ 0. 
By the conicness of G we have only to show that for any open convex cone V C TmX 
containing p and U = t{V) the restriction morphism 

RF{t-\U)] G) RF{V] G) (6.4) 

is an isomorphism. Let vr : Tf^X —)■ M be the projection. Then by [T71 Proposition 
3.7.12] and the isomorphism G ~ p,m{FY, the morphism fl6.4p is identihed with the one 

RFuY-\U)-piM{F)) RFyoaY-\U)-piM{F)) (6.5) 
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up to some shift. Here we identify U with the zero-section of tt ^{U) and a: Tl,X 
T^X is the antipodal map. From the assumption that iM '■ M " — > X is non-characteristic 
for F, we obtain 


supp(pM(i")) c SS(F) nT^X c T^XIm. 


( 6 . 6 ) 


Thus the morphism fl6.5p is an isomorphism. 


□ 


Let us continue the proof of the theorem. We may assume that M = {Mi)^eg is connected. 
It suffices to show that for any x G M we have 

^'){x) = sgn(id - 0 ')m • ^{F\m, <h|M)(a:). (6.7) 

We calculate the left hand side of fl6.7p by taking a minimal expanding subbundle W C 
TmX on a sufficiently small neighborhood of x in M. Set ip := —> hVi and 

H = Then by Lemma 16.21 H is smooth on Wx and hence we have 

Rr,(}V,; H) ~ Hx^[-dx] ~ Fx[-dxl ( 6 . 8 ) 

where we set dx = dim Wx- Moreover we dehne a morphism T: 'ip~^FI —)■ FI by restricting 
<h': —> vm{F) to Wx- Then the left hand side of 06.71) is equal to the trace 

of the composite of the morphisms 

RF,{Wx; H) RFc{Wx] ip-^H) A RFdyVx] H). (6.9) 

By the isomorphism 06.8p and det "0 > 0, it is equal to the trace of the composite of the 
morphisms 


Fx[-dx] ~ {r"F)x[-dx] ^ Fx[-dx]. (6.10) 

Now the assertion follows immediately from the equality (—1)'^“' = sgn(id — 0 ')m- ^ 

Remark 6.3 Theorem 16.11 is not true if we do not assume that iM '■ M "— > X is non¬ 
characteristic for F. See e.g. [171 Example 9.6.18]. 

We have also a lot of examples as follows. 

Example 6.4 Let = {x = (xi,X2,X3) G | x^ -|- x^ -|- Xg = 1} be the 2-dimensional 
unit sphere in and = {e*® | 0 < 0 < 27r} the 1-dimensional one. Set X = x S"^. 
For e*® G we dehne a real analytic isomorphism Ag: of by 

/2 cos 9 —2sin6' 0\ 

Agi^x) = I 2sin6' 2cos6' 0 j j 2:2 j (6-11) 

Vo 0 1/ \x^l 

and the one 0: X —>■ X of X by 


33 












Then the fixed point set M of 0 is a submanifold of X and consists of 3 connected 
components Mi, M 2 , M 3 defined by 

Ml = 5^ X (0,0,1), M2 = X (0,0,-l), M3 = {1} X (^2 n {xa = 0}) ~ 5 ^ 6 . 13 ) 

respectively. Note that for p = (e*®, (0,0,1)) G Mi the set Ev(0p) of the eigenvalues of 
{TmiX)p —> {TmiX)p is given by Ev(0p) = {2e*^, 2e“*^}. In particular, it varies 
depending on the point p G Mi and satisfies the condition 


1 ^ Ev(0p for any p G Mi. (6.14) 

Let p: 5^ \ {(0, 0,1), (0, 0, —1)} —> be the natural surjective morphism and 

Ji, J 2 ,... , Jfe C closed intervals. Assume that Ii, I 2 , ■ ■ ■, h are mutually disjoint and 

Sttz 

exp(—) ■ (Ji U J 2 U ■ ■ ■ U 4) = (Ji U /2 U ■ ■ ■ U h). (6.15) 

We denote the closure of p“^(/i U 4 U ■ ■ ■ U 4) in 5^ by K. Let us set 


Y 



x)ex 



Z = {(e*^x) G Y I = l,xe K}. 


(6.16) 


Then for the constructible sheaf F = Cy\z ^ D^_^(X) the inclusion map iMi ■ Mi "— > X 
is characteristic and there exists a natural morphism $ : (j)~^F —)• F. By Theorem 15.101 
we have 

c{F,^)=c{F,^)M, = k{k-l). (6.17) 

Moreover we can easily see that 


tr(F, $) = Xc(Y) - Xc{Z) = 0-k{l-k) = k{k - 1 ). (6.18) 

Here Xc{') stands for the Euler characteristic with compact support. Similarly we can 
construct an example for which the set Ev{(j)p) rotates on a small circle around the point 
1 G C. In this case, we cannot take an expanding subbundle of Tm^X globally on Mi. 
Such Ml is not weakly hyperbolic in the sense of Goresky-MacPherson [S] in general. 


Example 6.5 Let Homgr(Z”,M \ {0}) be the abelian group consisting of group homo- 
morphisms of the lattice IF to the multiplicative group M\ {0}. Then the n-dimensional 
real algebraic torus T = (M \ {0})"' can be naturally identified with Homgi.(Z"',M \ {0}) 
(see Fulton [ 6 ] etc.). Let t G T = Homgr(Z"',M \ {0}) be an element of T satisfying the 
condition: 


There exists a rational linear subspace L C M” 

such that dimL > 1 and Kerf = L fl TZ. (6.19) 

Let S be a complete smooth fan in M”. Assume that there is a cone a G E such that 

dim a < n and a"*" C M ® Ker t. (6.20) 

Let X := Xs be the complete smooth real toric variety associated with S and 0 : = 
It'. X —> X the natural action of t on it. Then the fixed point set M of 0 is explicitly 
given by 

M = y T., (6.21) 

GM.^Ker t 
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where T^. ~ (M \ {0})"' is the T-orbit associated with the cone a G S. Dehne a 
partial order ^ on E by 


cr ^ r cr is a face of r. (6.22) 

Let (Ji,..., CTfc be minimal elements of the set {a G E | cr-*- C M (8) Ker t} with respect 
to the order Set Mj := T^. C X. Then Mi is a connected submanifold of X such 
that dimMj = n — dimcxj > 0. Moreover M = Mj is the decomposition of M into 
connected components and we have dimM > 1. Let F G D^_^(X) be an object satisfying 
the condition 


H\F\t^) is a constant sheaf for any a G E and j G Z. (6.23) 

and <h: (l)~^F —)• F a morphism in D^_^(X). Let us apply our fixed point formula to 
the pair [F, $). For the hxed point component Mi = T„. associated with a minimal cone 
(jj we can compute the constructible function 9{F,^)Mi = as follows. 

Set d := dimMj and choose an n-dimensional cone Ti & T, such that Uj ^ r*. Then 
Ur^ := Homg].(rj'^ fl Z"',M) ~ M"’ is an affine open subset of X containing the T-orbit 
T„^. On Un — M" there exists a coordinate {xi,X 2 , ■ ■ ■ ,x„) such that Mi O Uri = {a: G 
M” I Xd+i = • • • = Xn = 0 } and the map 0 = 4 can be explicitly written as 

(xi,..., Xc(, X(j^i,..., x^) I y (xi,..., X(j, td-\-iXd-\-i, ■ ■ ■ 1 tnXji) (6.24) 

for some O+i, • • • 7 ^ 0,1. Then we can identify (X) with M" on Furthermore, 

by the condition fl6.23|) . we can identify the pair {uMi{F), <F') with [F, <F). Interchanging 
the coordinates, we may assume also that td+i, ..., td+m > 1,0+m+i, ■ ■ ■ ,tn < 1- Then we 
can take the subbundle 

£: = {x G M'" I Xd+m+i = • • • = x„ = 0} ~ (Mj n Uri) X (6.25) 

as an expanding subbundle of TMi{X) on Mj fl 11^- Thus, the value of the function 
6 := 6{F, <F)Mi at a point x G Mj O Un is given by 

6{x) = tT{RF[^}{£^; T|f J} (6.26) 

= tr(T,) - tr{TT(^, \ {x}; T)}, (6.27) 

where we denote by tY{RF^x}{^x] F\g^)} etc. the trace of the induced endomorphism of 
RFlx}{£x', F\£^) etc. Note that we have RF{Sx', F\e^) ~ F^ by the conicness of F\e^. We 
set S{Sx) ■= {£x \ {x})/M>o — and identify it with the unit sphere of £x- Let 

■y: £x\ {x} —> S{£x) the the natural map. Then by the conicness of F\£^, we have 

9{x) = tT{Fx) - tY{R-f^{F\s^\^x}), R-f^{<^\e^\{x})), (6.28) 

where T 7 *(<h|f^\{a;}) is a natural lift of the map 7 *( 0 |£:^\{i}): S{£x) —> S{£x)- In order 
to give a more explicit description of the value 9{x), assume the following condition: 

td+i ■ ■ ■, td+m are distinct. (6.29) 

We may assume that td+i > ■■■ > td+m > 1 Denote by the corresponding 

coordinates of 8x — M™'. Then the fixed point set of 'J*{4>\£^\{x}) is the intersection of the 
unit sphere with the 4*-axes. For 1 < i < m let us calculate the local contribution of the 
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pair at p = (0,..., 0, ±1, 0,..., 0) e S{S^). The tangent 

space V{p) := TpS{£x) can be identified with the (m — l)-dimensional linear snbspace of 
spanned by ... ,^m and realized in Sx as 

^(p) = {te) ■ ■ ■, ±1,6+1, ■ ■ ■, Cm) I 6 e I^}- (6.30) 

Moreover by the condition fl6.23p . we can identify i^p{Rl*{F\g^\^x})) with F\v{p). Under 

these identifications, the map on V{p) indnced by 7*(0|£:^\{a;}) can be explicitly written as 

(Cl, • • • , Ci—1, Ci+l, • • • , Cm) ' t (riiCl, • • • , nj_iCi—1, nj-i-iCi+l, • • • , ^mCm) (6.31) 

for some Ui > ■ ■ ■ > nj_i > 1 > Wj+i >•••>«„,> 0. Thns at the point p, we can 

take the {i — l)-dimensional snbspace of TpS{Sx) spanned by ,^i... ,^j_i as an expanding 
snbbnndle (snbspace) and this is realized as 

Wip) = {(Cl,...,6-1, ±1, 0,..., 0) I 0 e M}. (6.32) 

Therefore we have 

c{R-f4F\e^\{x}), R-f^{^\e^\{x}))p = tT{RFip}{W{py, F\w(p))} (6.33) 

= tr(Fp) - tr{i?r(lU(p) \ {p}; F)}. (6.34) 

Repeating this argnment, we can easily prove the following very simple formnla: 

«+)= E E (6.35) 

JC{l,...,m} e=(£j)jgj 
6j£{±l} 


where |J| denotes the cardinality of J. Here, for a mnlti-sign e = {ej)j^j, Sj G {±1} 
indexed by J, we set 

Tj,e = {g G ~ I Sjqj > 0 (j G J), Qj = 0 (j G (1,..., m} \ J)}. (6.36) 
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